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Challenge Problems 
They are optional and can be completed anytime before the due dates, to 
be eligible for a presentation on Thursday 6/1:  
 
Due dates: First problem 5/26, Second problem 5/29. 
 
Credit of 3 points for those not already presenting their MQs  
 
Credit of 1 point for those presenting MQs. 

Collaborate with friends (max 2-3) and/or ask for help from the TAs. 
 
We are excited to see what you will come up with! 



Challenge Problem 1  
due 5/26  

The first coding challenge is to implement a function that 
retrieves the minimum number of steps it takes to generate a 
string using only tandem duplications from one of the following 
seed strings: {0, 1, 01, 10, 101, 010}; as listed in problem 
1a, HW1.  
 
Once you have completed this you will realize that for large 
strings it takes a lot of time for your program to grow as the 
search space becomes much larger. The challenge is to think of 
ways to optimize this generation process and argue why your 
solution is good.  
 
In your solution, please describe your algorithm and approach. 
Discuss pros and cons and what things you like/dislike about 
your algorithm. 
 
We might run a competition in class… 



Challenge Problem 2 
due 5/29 

In homework 3, you found a circuit for computing parity of 2 and 3 
variables with 4 and 8 m-boxes respectively.  
 
By using the same idea, you can compute parity of 4 variables with 12 m-
boxes.  
 
Is 12 is the smallest size of a circuit of m-boxes for computing the 
parity of 4 variables? 
 
What is the smallest circuit for parity of 4 variables?  
 
You can use a formal proof or an algorithm/code  
to check all possible circuit configurations. 
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DNF is a way to express  
a syntax box using a formula 

00 

Idea: construct a DNF by adding the normal terms that 
correspond to the normal assignments (f=1)  

Last time  

algebra meets syntax boxes 
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DNF is a way to express  
a syntax box using a formula 

Last time  
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Boolean Algebra 
a language for binary magic boxes 

Can realize the operations of the algebra 
can compute any DNF  
magical for Binary  

Last time  



?? 

HW#3, perspective: 

with 5 m-boxes? 
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2 symbol adder c 
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sum 

Leibniz Boole 

Shannon When was the  
first binary 
adder built? 



The First Digital Adder 
George Stibitz, 1904-1995 

Graduated with a PhD from Cornel in 1930 
He worked at Bell Labs in New York   
In the fall of 1937 Stibitz used surplus relays, tin 
can strips, flashlight bulbs, and other common items to 
construct his "Model K"  
 

K stands for kitchen... 
 

Ford Model T 
1908-1927 



Bell Labs Model 1 - 1939 
•  Bell Labs Model 1 Complex Calculator 
  
•  Computed with complex numbers 

•  450 relays 
 
•  Remote operation... via telegraph 
   Dartmouth college to New York 

Invented the term (pulse) digital  
as opposed to analog 



Logic to Physics 
Claude Shannon 

|s| 



Shannon 
1916-2001 Claude Elwood Shannon was born in Petoskey,  

Michigan, on April 30, 1916. The first sixteen  
years of Shannon's life were spent in Gaylord, Michigan 



Shannon’s Background 

Shannon 
1916-2001 

Claude Elwood Shannon was born in Petoskey,  
Michigan, on April 30, 1916 

In 1932 (16) he entered the University of Michigan, where  
he took a course that introduced him to the work of  
George Boole 
 
He graduated in 1936 (20) with two bachelor's degrees, one  
in electrical engineering and one in mathematics 
 
Joined MIT in 1936, received the masters in electrical  
engineering and a doctorate in Mathematics, at the  
1940 (24) commencement  



Shannon’s Inspiration 
Joined MIT in 1936 

Shannon 
1916-2001 

The differential analyzer at MIT (1931)   
was the first general equation solver  
It could handle sixth-order differential equations 

Vannevar Bush 
1890–1974 

Samuel Caldwell 
1904-1960 



Connection Between  
Boolean Calculus and Physical Circuits 

Shannon 1938 
Shannon 

1916-2001 

Shannon’s advisor both MSc and PhD  – a mathematician 

79 years ago 

Hitchcock 
1875-1957  



Shannon 
1916-2001 

Hitchcock 
1875-1957  

Bush 
1890-1974  

1940- Institute for Advanced Study 
1941 – 1956: Bell Labs 
1956- 1978: MIT 



Shannon 
1916-2001 

Hitchcock 
1875-1957  

Bush 
1890-1974  

Ivan Sutherland 
1938-  

Sutherland was faculty at Caltech 
from 1974 to 1978 (also MS degree) 
 
Served as the founding chair of the  
CS Department at Caltech  

1940- Institute for advanced studies 
1941 – 1956: Bell Labs 
1956- 1978: MIT 



Bush 
1890-1974  

Terman 
1900-1982  

1940, Stanford 

Buss 
1913-2004  

Cumming 
1927- Goodman 

Bruck 
1955, Stanford 1963, Stanford 

1989, Stanford 

1924, MIT 

Shannon 
1916-2001 

1940, MIT 

Posted on the class website 



Bush 
1890-1974  

Posted on the class website 

“Two	  centuries	  ago	  Leibniz	  invented	  a	  calcula/ng	  machine	  which	  embodied	  
most	  of	  the	  essen5al	  features	  of	  recent	  keyboard	  devices,	  but	  it	  could	  not	  
then	  come	  into	  use.	  	  
	  
The	  economics	  of	  the	  situa5on	  were	  against	  it:	  the	  labor	  involved	  in	  
construc/ng	  it,	  before	  the	  days	  of	  mass	  produc5on,	  exceeded	  the	  labor	  to	  be	  
saved	  by	  its	  use,	  since	  all	  it	  could	  accomplish	  could	  be	  duplicated	  by	  
sufficient	  use	  of	  pencil	  and	  paper.”	  

Leibniz 



Logic to Physics 
 

The language of lines  
|s| 





Boolean Calculus and Physical Circuits 
Single Lines and Composition 

The language of lines:  
A line can have only two possible colors: blue or red 

Two lines can be composed in two possible ways 

In parallel: 

In series: 



Boolean Calculus and Physical Circuits 
Endpoints 

Two lines can be composed in two possible ways 

In parallel: 

Lines have endpoints Compositions have endpoints 



Boolean Calculus and Physical Circuits 
Endpoints 

Two lines can be composed in two possible ways 

Lines have endpoints 

In series: 

Compositions have endpoints 



Boolean Calculus and Physical Circuits 
Composition 

Compositions of lines can be composed  
in two different ways, using their endpoints 

In parallel: 

a b 

a 

b 



Boolean Calculus and Physical Circuits 
Composition 

Compositions of lines can be composed  
in two different ways, using their endpoints 

In parallel: 



Boolean Calculus and Physical Circuits 
Composition 

Compositions of lines can be composed  
in two different ways, using their endpoints 

In series: 
a b 

a b 



Boolean Calculus and Physical Circuits 
Composition 

Compositions of lines can be composed  
in two different ways, using their endpoints 

In series: 



Boolean Calculus and Physical Circuits 
Color of Composition 

color = blue color = red 

??? 

What is the color of a composition?  



Boolean Calculus and Physical Circuits 
Color of Composition 

color = blue color = red 

The color of a composition is  
red if there is a red path  
between the endpoints  
Otherwise, the color is blue 

What is the color of a composition?  



The two-color line composition  
is a 0-1 Boolean algebra!   

How can we prove it?  



Boolean Algebra 

Algebraic system: set of elements B,  
         two binary operations + and  
         B has at least two elements (0 and 1)  

•

If the following axioms are true  
then it is a Boolean Algebra: 

A1. identity 

A2. complement 

A3. commutative 

A4. distributive 



Algebraic system: set of elements B,  
         two binary operations + and  
         B has at least two elements (0 and 1)  

•

Two-Colored Line Composition and  
0-1 Boolean Algebra 

Elements: 

0 1 



Algebraic system: set of elements B,  
         two binary operations + and  
         B has at least two elements (0 and 1)  

•

Two-Colored Line Composition and  
0-1 Boolean Algebra 

Elements: 

0 1 
Operations: 

  •

+ 

Compose in series: 

Compose in parallel: 

The color of a composition is  
red if there is a red path  
between the endpoints 
Otherwise, the color is blue 



Two-Colored Line Composition and  
0-1 Boolean Algebra 

a 

0 

The color of the composition  
equals the color of a 

The color of a composition is  
red if there is a red path  
between the endpoints 
Otherwise, the color is blue 

The color of the composition  
equals the color of a 

a 1 

  • Compose in series 

+ Compose in parallel 



Two-Colored Line Composition and  
0-1 Boolean Algebra 

The color of the  
composition is red = 1 

The color of the  
composition is blue = 0 

The color of a composition is  
red if there is a red path  
between the endpoints.  
Otherwise, the color is blue 

  • Compose in series 

+ Compose in parallel 



Two-Colored Line Composition and  
0-1 Boolean Algebra 

By the definition of the  
color of a composition 

The color of a composition is  
red if there is a red path  
between the endpoints.  
Otherwise, the color is blue 

  • Compose in series 

+ Compose in parallel 



Two-Colored Line Composition and  
0-1 Boolean Algebra 

a 
b 

c 

a b 

c a 

Two paths: ab and ac 



Is the two-color line composition  
a 0-1 Boolean algebra?   



“We are now in a position to demonstrate the equivalence of 
this calculus with certain elementary parts of the calculus of 
propositions.” 

“The algebra of logic originated by George Boole, is a symbolic 
method of investigating logical relationships.” 

“The symbols of Boolean algebra admit of two logical 
interpretations. If interpreted in terms of classes, the 
variables are not limited to the two possible values 0 and 
1.” 

circuits = algebra 

“E. V. Huntington gives the following set of postulates for 
symbolic logic:” 

In Shannon’s words:  



Shannon 
1916-2001 

1 

Relay on the edge 
controlled by a  
0-1 variable 

0 

0 1 

Shannon used relays and connected 
them in series-parallel circuits 



Connection Between  
Boolean Calculus and Physical Circuits 

Shannon 1938 Shannon 
1916-2001 

0 

The value of a circuit is  
1 if there is a connected   
path between the endpoints  
Otherwise, it is 0 

0 

1 

1 

The color of a composition is  
red if there is a red path  
between the endpoints 
Otherwise, the color is blue 



Relay Circuits 
analysis and synthesis 

|s| 



Connection Between  
Boolean Calculus and Physical Circuits 

Shannon 1938 Shannon 
1916-2001 

No mention of computers.... they did not exist 

A concept that is missing in the text? 



“..any circuit is represented by a set of equations, The terms 
of the equations corresponding to the various relays and 
switches in the circuit.” 

“A calculus is developed for manipulating these equations by 
simple mathematical processes most of which are similar to 
ordinary algebraic algorisms.” 

“This calculus is shown to be exactly analogous to the calculus 
of propositions used in the symbolic study of logic.” 

analysis of circuits 
In Shannon’s words:  



“For the synthesis problem the desired characteristics are 
first written as a system of equations, and the equations are 
then manipulated into the form representing the simplest 
circuit. The circuit may then be immediately drawn from the 
equations.” 

synthesis of circuits 

desired characteristic 

system of equations 

simplified set of equations 

simple circuit 

In Shannon’s words:  



“For the synthesis problem the desired characteristics are 
first written as a system of equations, and the equations are 
then manipulated into the form representing the simplest 
circuit. The circuit may then be immediately drawn from the 
equations.” 

synthesis of circuits 

desired characteristic 

system of equations 

simplified set of equations 

simple circuit 

The language of  
Logic Design is born! 

In Shannon’s words:  



Relay Circuits 
analysis 



relay circuits Boolean functions 

Boolean sum of all the paths between endpoints 

A relay circuit corresponds to a formula  



a b

d e 

a c e 

b c d

Analysis of Relay Circuits 

Example 1: 
- series-parallel 
- independent paths between endpoints 

10 relays 
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Example 1: 
- series-parallel 
- independent paths between endpoints 

10 relays 
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b c d

Example 1: 
- series-parallel 
- independent paths between endpoints 

10 relays 



a b 

c 

e d 

Example 2: 
- non series-parallel 
- dependent paths between endpoints 

Analysis of Relay Circuits 

5 relays 
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Analysis of Relay Circuits 

5 relays 
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Analysis of Relay Circuits 

5 relays 
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Analysis of Relay Circuits 

5 relays 



a b 

c 

e d 

Example 3: 
multiple terminals (also in HW#4) 

Analysis of Relay Circuits 

How many functions? 
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Analysis of Relay Circuits 
Example 3: 
multiple terminals (also in HW#4) 
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Example 3: 
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Analysis of Relay Circuits 
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Example 3: 
multiple terminals (also in HW#4) 

Analysis of Relay Circuits 



a b 

c 

e d 

Example 3: 
6 functions 
multiple terminals 



Example 4: 
- series-parallel 
- MANY dependent paths between endpoints 

Analysis of Relay Circuits 

Q: how many FORWARD paths? 



Example 4: 
- series-parallel 
- MANY dependent paths between endpoints 

Analysis of Relay Circuits 

Q: how many FORWARD paths? 3X3X3X3 =81 



Example 4: 
- series-parallel 
- MANY dependent paths between endpoints 

Analysis of Relay Circuits 

Blue a = complement of a Red a = variable a 

b 

c 

a

b 

a 
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c 
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e 



Example 4: 
- series-parallel 
- MANY dependent paths between endpoints 

Analysis of Relay Circuits 

b 

c 

a

b 

a 

d 

b 

a

c 

a 

d 

e 

Q: Is (a=0, b=1, c=1, d=1, e=1) a satisfying assignment? 

NO 

Blue a = complement of a Red a = variable a 



Example 4: 
- series-parallel 
- MANY dependent paths between endpoints 

Analysis of Relay Circuits 
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a
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d 
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Q: Is (a=1, b=1, c=1, d=1, e=1) a satisfying assignment? 

YES 

Blue a = complement of a Red a = variable a 



Analysis of  

Relay Circuits 
 
 

Is there a satisfying assignment? 



Example 5: 
- series-parallel 
- MANY dependent paths between endpoints 

Analysis of Relay Circuits 

c 

ab 

b 

a

b 

b 

c 

Q: Is there a satisfying assignment? NO ? 

Blue a = complement of a Red a = variable a 



Example 5: 
- series-parallel 
- MANY dependent paths between endpoints 

Analysis of Relay Circuits 

Blue a = complement of a Red a = variable a 

c 

ab 

b 

a

b 

b 

c 

Q: Is there a satisfying assignment? b must be 1 



Example 5: 
- series-parallel 
- MANY dependent paths between endpoints 

Analysis of Relay Circuits 

c 

ab 

b 

a

b 

b 

c 

Q: Is there a satisfying assignment? b must be 0 
Contradiction! 

Blue a = complement of a Red a = variable a 



Questions on satisfying assignments? 
The SAT problem 

Efficient algorizms? 

Is a given assignment satisfying? 

Is there a satisfying assignment? 



There is an efficient algorizm for 
verifying a given SAT solution  
for any structure! 

b 

c 

a

b 

a 

d 

b 

a

c 

a 

d 

e 

It is related to algorizms for solving 
connectivity problems graphs 



Algorizms for finding a SAT 
assignment? 

c 

ab 

b 

a

b 

b 

c 

If the circuit has width 2:   
There is an efficient algorizm for 
finding a satisfying assignment... 



However,  
if the circuit has width>2:   
•  No efficient algorizm is known! 
•  It is likely, that an efficient 
algorizm does not exist 

b 

c 

a

b 

a 

d 

b 

a

c 

a 

d 

e 



Questions on satisfying (SAT) assignments? 
Efficient algorizms? 

Is a given assignment satisfying? 
Is there a satisfying assignment? 

Shannon’s connection between  
computation and Boolean algebra  

is at the core of Algorithms and Complexity!  
“P vs NP question” 



What is the function? 
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Analysis of Relay Circuits 

b 

c 

c 
a

b 

b c 

c 
d 

Blue a = complement of a Red a = variable a 

What is the function? 



Analysis of Relay Circuits What is the function? 
The key:  
1 - switch between low and high 
0 - stay at the same level 

Blue a = complement of a Red a = variable a 

a b 

b 

b 

c d 

c 

c d a

odd parity 

even parity 



Analysis of Relay Circuits 

a=1 

What is the function? 

odd parity 

b=1 

c=0 

d=1 

even parity 

The key:  
1 - switch between low and high 
0 - stay at the same level 



Analysis of Relay Circuits 

a=0 

What is the function? 

odd parity 
b=1 

c=0 

d=1 

even parity 

The key:  
1 - switch between low and high 
0 - stay at the same level 



Analysis of Relay Circuits What is the function? 

odd parity 

even parity 

Blue a = complement of a Red a = variable a 

The key:  
1 - switch between low and high 
0 - stay at the same level 



1 = closed relay/circuit 
0 = open relay/circuit 

Shannon Used the Dual Notation 
Important note 

In this HW set use the notation from class! 







One circuit with multiple terminals for many functions 



One circuit with multiple terminals for many functions 



One circuit with multiple terminals for many functions 
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ab f(a,b)=1 
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Wait until after the class on Thursday.... 

abc CQ(a,b,c) 

000 
001 
010 
011 

0 
0 
0 
1 

100 
101 
110 
111 

0 
1 
1 
1 



Wait until after the class on Thursday.... 



Wait until after the class on Thursday.... 


